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1 Introduction 



Oh! 
> 

X 

d • The article on the semi-classical limit of the string/gauge theory duality initiated an 

interest in the investigation of the connection between the classical string solutions, their 
semi-classical quantization and the string/field theory correspondence [2^ - ^2] ^. Most 
of the papers consider different string configurations in type IIB AdS^ x background. 
However, the string dynamics has been investigated in other string theory backgrounds, 
known to have field theory dual descriptions in different dimensions, with different number 
of (or without) supersymmetries, conformal or non-conformal. 

For establishing the correspondence between the semi-classically quantized string so- 
lutions and the appropriate objects in the dual field theory, it is essential for one to 
know the explicit expressions for the conserved quantities like energy, angular momen- 
tum, etc., on the string theory side. Their existence is connected with the symmetries 
of the corresponding supergravity backgrounds. The analysis of the connection between 
the ansatzes, used to obtain exact string solutions, and the background symmetries shows 



^For earlier studies on the subject, see [2111221 and the references in [221 and |3(Jj . 
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that the string embeddings can be divided into the following four types 



X^(r,a) = A[;r + A^(T + r^(r), X"(r,fT 
X'^(r,(T) = A^r + A^a, X"(r,a 
X^(r,(T) = A^r + A^a + Z'^(a), X"(r,a 



m = 0,1). 



(1.1) 
(1.2) 
(1.3) 
(1.4) 



A^ = const, 



Here, the string embedding coordinates X'^'^{t, a), (M = 0, 1, . . . , D — 1), are represented 
as X^'^ = (X^,X"). X^{T,a) correspond to the space-time coordinates x^, on which 
the background fields do not depend. This means that there exist commuting Killing 
vectors d/dx'^, where is the number of the coordinates x'^. 

All the ansatzes used in PP - for the string embedding, are particular cases of ()1.H) 
- (D, except those in [Tnil2Il^- In 01311111221 there are of type (HH), in P and - of 
type (O. In P - 0, H], 0, CHI, CH, dj - [201, |23 - |2ni, ansatzes of type (HH are 
considered. Solutions, based on the ansatzes of type ()1.4|1 . are obtained in [l2j - [Hj, |2T] . 

The aim of this article is to describe a procedure for obtaining the exact classical string 
solutions in general string theory backgrounds, based on the ansatzes ()1.3|1 and p.4|l ^. 
We will use more general worldsheet gauge than the conformal one, in order to be able 
to discuss the tensionless limit T 0, corresponding to small t'Hooft coupling A ^ on 
the field theory side. 

Let us also note that in ()l.Hl - (jl.4j) . we have separated the cases = and ^ 0, 
= and ^ 0, because the types of the string solutions in these cases are essentially 
different, as we will see later on. 

The paper is organized as follows. In Sec. 2 and Sec. 3, we describe the string dynamics 
and give the corresponding exact solutions of the equations of motion and constraints, 
based on the ansatzes ()1.3j) and p.4|l respectively. Sec. 4 is devoted to some applications 
of the derived general results. In Sec. 5, we conclude with several remarks. 

2 Exact string solutions 

In our further considerations, we will explore the Polyakov type action for the bosonic 
string in a D-dimensional curved space-time with metric tensor gMN{x), interacting with 
a background 2-form gauge field hMN^x) via Wess-Zumino term 




(2.1) 



{e.e) = {r,a) 



m,n = 



(0,1), 



where 



(9, 



mn 



m 




dmX^'dnX^b 



^See section 5. 

^The corresponding results, based on the ansatzes 1)1. l|l and 1)1. 2|l . can be found in [M\ . 
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are the fields induced on the string worldsheet, 7 is the determinant of the auxihary 
worldsheet metric 7mn, and 7™"" is its inverse. The position of the string in the background 
space-time is given by = X'^^C,"^), and T = 1/2710;', Q are the string tension and 
charge, respectively. If we consider the action (j2.H) as a bosonic part of a supersymmetric 
one, we have to put Q = ±T. In what follows, Q = T. 

The equations of motion for X*^ following from (j2.H) are: 



-giK 
1 



(v/^7'""a„X^) + v/^7"-r^,^9„X^^9„X^] (2.2) 



where 



^L,MN = giK^MN = 2 ^^^'^3nl + d^guL — diguN) , 

Hlain = diJ^MN + Qm^nl + d^biM, 

are the components of the symmetric connection corresponding to the metric Qmn, and 
the field strength of the gauge field Bmn respectively. The constraints are obtained by 
varying the action ()2.H) with respect to ■jrnn- 

Vn-^^ = ^ (7'='7'"" - 27'=-7'") G'^„ = 0. (2.3) 

Now, our task is to find exact solutions of the nonlinear differential equations ()2.2j) 
and ()2.3|1 . Let us first consider the constraints ()2.3|1 . We have three constraints in ()2.3|1 . 
but only two of them are independent. To extract the independent ones, we rewrite the 
three constraints as follows: 

(7°%"" - 270'"70") G^n = 0, (2.4) 

(7°S'"" - 270"^7i") Gran = 0, (2.5) 

(7^7™" - 27I-7I") = 0. (2.6) 

Inserting Gu from ()2.6p into ()2.4|) and ()2.5p . one obtains that both of them are satisfied, 
when the equality 

7°'G'oo + 7''G'oi = (2.7) 

holds. To simplify the constraint ()2.6|) . we put ()2.7p in it, which results in 

7°°G'oo - l^'Gu = 0. (2.8) 

Thus, our independent constraints, with which we will work from now on, are given by 
flT7|l and (EH). 

Now let us turn to the equations of motion ()2.2|) . We will use the gauge 7™*^ = 
constants , in which they simplify to 

^Li.7"" {dmdnX^ + Tf.^d^X^'d^X'') = -^LiJiMJve"^'^5„X*^a„X^. (2.9) 



2v^ 

In particular, 7"^" = rj"^^ = diag{—l, 1) correspond to the commonly used conformal 
gauge. 
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2.1 Solving the equations of motion and constraints 



In solving the equations of motion and constraints, we will use string embedding that 
exploits the symmetries of the background. Namely, our ansatz for the string coordinates 
X^\T,a) = {X^^,X°-) in this section is given by (|1.3p . and are the target space-time 
coordinates, on which the background fields do not depend: 



df,gMN = 0, d^bMN = 0. 



(2.10) 



Taking into account the ansatz (jl.Hj) and under the conditions ()2.1()j) . one obtains the 
following reduced Lagrangian density, arising from the action ()2.1|) (the prime is used for 
d/da) 



T 



-1 



,11 „ rylarylb , o / -.Iw-A^i „ "Aq6 ] Z'"" + 



'-7 



-7 



where the fields induced on the string worldsheet are given by 



Goo — J^o^o9tiui Goi — Aq {g^aZ'"' + J^\g^v) 
Gn = gabZ^'Z" + 2A>ig,aZ"' + KK9^.u■, 



(2.11) 



(2.12) 



Boi = K iP.aZ"' + V) ; 

The constraints ()2.8|) and ()2.7|) respectively, and the equations of motion for X^'^ ()2.9|) . 
can be written as 

7^^ [ga,Z'^Z" + 2A^,g,,Z") - [^''KK - I'^K^'i) g,u = 0, (2.13) 
k^,{^''g,aZ'^ + ^'^Kg,:)=Q- (2.14) 



7" {gL,z"' + VlmZ"z"^) + 27^"^ A;;r^,^,z"' + 7'""A^;A::ri,^, (2.15) 
1 



-7 



A^ {Hl^^Z'- + k\HL^,) 



Let us write down the conserved quantities. By definition, the generalized momenta 



are 



dC 



For our ansatz p.3|) , they take the form: 

1 



Pl = 



rgL, 



-7 / 



The Lagrangian ()2.1H) does not depend on the coordinates X^^. Therefore, the conjugated 
momenta do not depend on the proper time r ^ 

1 , 



-7 



1 



-7 



d^P^ = 0.(2.16) 



In order for our ansatz p.3|) . ()2.10j) to be consistent with the action ()2.ip . the following 
conditions must be fulfilled 



dV 



(2.17) 



where 



V 



M 



d{diX 



N 



1 



f2.18) 



This is because the equations of motion ()2.2|) can be rewritten as 

dPu ^ &Pm _ ^ ^ 



M 



dr da dx 

Hence, for the ansatz p.3p . ()2.10|) . and for M = fi, these equations take the form ()2.17p . 
Let us show this explicitly. In accordance with ()2.in|l . the computation of Tx^mn and 
HxMN gives 



Hxab = dahx + dbbxa, H, 



dab 



0. 



Inserting these expressions in the part of the differential equations ()2.15p corresponding 
to L = A, and using the equalities g'^jj^ = Z'°-dagMN, b\m = Z'°-dabMN, one receives that 
the quantities 



j''gxa{cr)Z'^{a) + ^'^A^^gx.ia) + -^A^,bx,{a) 



7 



(2.19) 



do not depend on a. Actually, they do not depend on r too. Comparing ()2.19jl with 
()2.18|1 . we see that they are connected with the constants of the motion as 



^''g,aZ'^ + I'^'A^g.u + 



1 



--Kb^u 



constants. 



-7 " ■ T^/^ 
From (|2.14j) and (|2.2(jp . one obtains the following compatibility condition 

Ao'P. = 0. 



(2.20) 



(2.21) 



* Actually, all momenta Pm do not depend on r, because there is no such dependence in H2.11|l . 
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This equality may be interpreted as a solution of the constraint ()2.14j) . which restricts the 
number of the independent parameters in the theory ^ . 

With the help of ()2.20j) . the other constraint, ()2.13|) . can be rewritten in the form 



where lA is given by 



U = — 



7 



11 



2A5' 



-7 



flV ) 



(2.22) 



(2.23) 



Now, let us turn to the equations of motion ()2.15p . corresponding to L = a. In view 
of the conditions (|2.1(J|) . 



By using this, one obtains 



H, 



abu 



dgbbv — dbbau = '2d[abb],y 



gatZ"" + TaMZ"Z'' = -daU + 2d^aA^Z" . 



(2.24) 



In (I2.24p . an effective scalar potential U and an effective 1-form gauge field Aa appeared. 
U is given in (|2.23p (and is the same as in the effective constraint (|2.22|) ). and 
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(2.25) 



Now our task is to find exact solutions of the nonlinear differential equations ()2.22j) 
and ()2.24j) . How exactly this can be done is explained in Appendix A. Here, we give the 
final results only. 

If the background seen by the string depends on only one coordinate the general 
solution for the string embedding coordinate X"(r, cr) = Z"-{a) is given by 



^0 V 9aa , 



-1/2 



dx. 



When the background felt by the string depends on more than one coordinate x", the first 
integrals of the equations of motion for Z'^{a) = {Z^, Z"), which also solve the constraint 
(12221), are 



idrrZ'^) — g„ 



;i - n^)U - 2n, (A - drf) Z'^ - ^ 



9a 



F.(^n >o. 



{go.o.Z"'f = (Z"^") + g^^ [U + 2 (A - d^f) Z''\ = (z") > 



^When ~ 0, g^a ~ and in diagonal worldsheet gauge (7°^ = 0), the constraint (|2.14|) and the 
condition (|2.21|) are identicaUy satisfied. AU classical string configurations belonging to the type 1)1.3(1 . 
and the corresponding string theory backgrounds considered in ^ - [1], [J], [H], JHIi CI], ~ ED], 
- are particular cases of this particular case. 
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where Z"^ is one of the coordinates Z", Z° are the remaining ones, Ua is the number of Z", 
and DoLi Fa are arbitrary functions of their arguments. The above expressions are vahd, if 
the gab part of the metric is diagonal one, and the following integrability conditions hold^ 

\ 9aa I 

da {9rrZ"-f = 0, dr {gaaZ'^'f = 0. 



2.2 The tensionless limit 

The results obtained till now are not applicable to tensionless (null) strings, because the 
action ()2.1|) is proportional to the string tension T. The parameterization of the auxiliary 
worldsheet metric 7™", which is appropriate for considering the zero tension limit T ^ 0, 
is the following 



7 



00 



-1, = X\ 7" = (2A°T)2 - {X'f, det(7"^") = -(2A°T)2 



(2.26) 



Now, the action (j2.1|) becomes 

= / ^'^{^[^00 - 2\'Goi + {x'fGu - (2A°r)'Gn] + Tfioi}- 

Here, A" are the Lagrange multipliers, whose equations of motion generate the independent 
constraints. 

In these notations, the constraints ()2.13p and ()2.14|) . the equations of motion ()2.15p . 
and the conserved quantities ()2.16|) . ()2.20|) take the form 



gabZ'^Z" + 2Atg.,Z" + 



giiv = 0, 



A^o\g,aZ'^ + 



(2A0T)2 - {X^y 



g^v 



0; 



gLbZ"" + TL,bcZ"Z'' + 2 



x^K 



+ 



K{2X^k\-K) 

(2A0T)2 - (Ai)2 ^ ^ 1 



(2Aor)2 - (Ai) 

r 



^L,iJLbZ'^ 



2A°T 



(2A0T)2 - (Ai)2 



Lfiu ) 



1 

2A0 



X'g.a + 2A°r6,,J Z'- + (Ao^ - X^K\) g,, + 2A°TA^6, 



-'flU 



^In all cases, considered in P - [2Z|, -4q = 0. 
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The reduced equations of motion and constraint ()2.24|) and ()2.22|) have the same form, 
but now, the effective potential ()2.23|) and the effective gauge field fl2.25|) are given by 



U 



A 



(2A0T)2 - (Ai)2 



+ A^A^ 



9^lu + 



4A° 



9av + 



(2A0T)2 - (Ai) 
2A0T 



— A^ {V, + TK^h 



flUj ) 



(2A0T)2 - (Ai)2 ° 

If one sets A^ = and 2A°T = 1, this will correspond to conformal gauge, as it should 
be. If one puts T = in the above formulas, they will describe tensionless strings. 



3 Exact solutions for more general string embedding 

In this section, we will use the ansatz ()1.4j) for the string coordinates, which corresponds 
to more general string embedding. Here, compared with are allowed to vary 

non-linearly with the worldsheet spatial parameter a. Of course, the conditions ()2.1()|1 on 
the background fields are also fulfilled. 

Taking into account the ansatz ()1.4|) . one obtains that the induced fields Gmn and 
Bmn, the Lagrangian density, the constraints ()2.8|) and ()2.7|) respectively, and the Euler- 
Lagrange equations for X*^ (I2.9|l are given by 

Goo = W9,u, Goi = {g.NZ"' + A^g^^) , (3.1) 
Gn = gMNZ^'Z"" + 2A^,g,NZ"' + A^A^'^^,; 

i?oi = A^ (fe^^Z'^ + A^fo 



GA, 



T 



-7 



7iW^'"^'"+2(7^'"A^^?Miv- 



7lM rylN 



Im I 



A^,b 



+ j-'-A^^A^g,^ 



-7 / 
2AgAy&^. 



^''gMNZ^'z"" + 2^''A'ig,r,Z"' - (7°°A^A;^ - t^A^A^) g,, = 0, (3.2) 
A'o {i''9,nZ"' + 7'"A::^?^,) = 0; (3.3) 



7" {9lnZ 



iiN 



-L L,MN-^ ^ 



2^"^a^^Yl,^^z"' + 7™"A(;A^:;ri, 



La^ [Ei^.^Z"' ^a\h^^,). 



The quantities Pl, Vl can be found as before, and now they are 



^gLN 



-7, 



l^'gLNZ"' + I'^'A^^g^, + 



71N 



In A u 



Z"' + I'^'AlgL, 



A'ibLu 



-7 



Vr 



(3.4) 



doPi = 0, (3.5) 
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OoVl = 0, diV^ = 0. (3.6) 



The compatibihty condition following from the constraint ()3.3|) and from ()3.6|) coincides 
with the previous one ()2.21|) . 

As in the previous section, the equations ()3.4|) for L = A lead to diPx = 0. Conse- 
quently, our next task is to consider the equations (j3.4|) for L = a and the constraint 
(j3.2p . First of all, we will eliminate the variables Z'^ from them. To this end, we express 
Z'f^ through Z'" by using (|3.6|) : 



7 



Im 



At 



7 



11 ™ 



9' 



9uaZ' 



up J 



(3.7) 



rV-77" 

With the help of ()3.7p and ()2.21|) . the equations ()3.4|) for L = a and the constraint ()3.2p 
acquire the form 

habZ'" + T^,,Z"Z"^ = IdM"" + 2dyaAlZ'\ (3.8) 



K,Z"^Z"' = W^ 



(3.9) 



where a new, effective metric appeared 

Kb = 9ab - gapig'^y 9vh- 

is the symmetric connection corresponding to this metric 



a, fee 



The effective scalar and gauge potentials, expressed through the background fields, are as 
follows 



7(7^ 



V, + TAlKx 



-77 



11 



up) 



TAXp 



We point out the qualitatively different behavior of the potentials and A^, compared 
to U and Aa from the previous section, due to the appearance of the inverse metric {g~^)^^ 
in the above expressions. 

Since the equations ()2.24|) . ()2.22|) and ()3.8|) . ()3.9|) have the same form, for obtaining 
exact string solutions, we can proceed as before and use the derived formulas after the 
replacements {g,V,U,A) — » {h,V^,U^,A!^) (see Appendix A). In particular, the solution 
depending on one of the coordinates X" will be 

-1/2 



a(X") = ao+/ 

JX?: 



dx (- — 

^0 \ '^aa , 



(3.10) 



In this case by integrating ()3.7|) . and replacing the solution for Z'^ in the ansatz ()1.4|) . one 
obtains solution for the string coordinates of the type X^(r, X"): 

^,01 



X'^(r,X'^) =Xn^ + A'f 



r 



(3.11) 



{g 



-l\pu 



gua + 



{1\ + TA^(U^ 



dx. 
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To write down a solution of the type X'^(r, a), one have to invert the solution ()3.10|) : 
a {X") X"((t). Then, X'^(r, a) are given by 



7 



01 



X^(r,a)=Xo^ + A[; r-— a - 



7 



(3.12) 



{9 



vpj 



^v^7 



11 



(U 

+ 9ua\T— 



h \ 1/2- 



da. 



Let us also give the expression for after the elimination of Z'^ from ()3.5|1 



T 



(3.13) 



-7 



These equalities connect the conserved momenta with the constants of the motion V^. 

To be able to take the tensionless limit T — »• in the above formulas, we must use the 
A-parameterization ()2.26|) of 7™". The quantities, which depend on this parameterization, 
and appear in the reduced equations of motion and constraint ()3.8|) . ()3.9|) . and therefore 
- in the solutions, are and A]^. Now, they read 



A": 



(2A' 



0\2 



[(2A0T)2 - (Ai) 
2A° 



(2A0T)2 - (Ai)2 



9ap{9-T'' (P. + TAg6.,)-TAg6, 



ap 



If one sets A^ = and 2A*^T = 1, the conformal gauge results are obtained. If one puts 
T = in the above equalities, they will correspond to tensionless strings. For instance, 
the solution X^fr, X") reduces to 



X^(r,X>=o = Xo^ + A^ 



r + 



Ai 



(9 



2A° fU^' 

(Al)2 "[haa, 



T=0 



dx. 



4 Examples 

In the previous two sections, we described a general approach for solving the string equa- 
tions of motion and constraints in the background fields gMN^x) and bMN^x), based on 
the ansatzes ()1.3|) and p.4|) . In this section, as an illustration of the previously obtained 
generic results, we will establish the correspondence with the particular cases considered 
in pp - in the framework of the linear ansatz (jl.3p . and in ^3) - in the framework of the 
nonlinear ansatz ()1.4j) . After that, we will find new exact string solutions in AdS^ black 
hole and in AdS^ x backgrounds. 
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4.1 Comparing with known solutions 

In pp, the string theory background is AdSr, x S^, with field theory dual A/" = 4 SU{N) 
SYM in four dimensional fiat space-time. The metric of the AdS^ is taken in global 
coordinates, so that the string energy is identified with the conformal dimension in the 
dual CFT 

ds\dS5 ~ (~ "^osh^ pdt^ + dp^ + sinh^ pd^fj , 

dnl = de^ + cos^ e (#2 + cos^ v^rf^^) , i?^ = Xa'\ 

As our first example, we will consider one of the classical string configurations analyzed 
in pp. Namely, we will consider a closed spinning string in AdS^ given by the following 

ansatz 

t = er, p = p(cr), (j) = euT, e,uj = constants. (4.1) 
Therefore, the background seen by the string is 

ds"^ = (- cosh^ pdt"^ + dp^ + sinh^ prf^^) , Bmn = 0. (4.2) 

This metric does not depend on x° = t and = (p, i.e. = and X°- = = p{a) in 
our notation. Comparing the ansatzes ()1.3p and ()4.H) . one sees that the latter is particular 
case of the former, corresponding to 

AO = e, A° = A? = 0, A^ = ecu. 

The conserved momenta P^, obtained from ()2.1fi|l . are 

Pq = T^^-i^^eR^ cosh^ p, Ps = -T^^^i^^eujR^ sinh^ p. 

So, the energy and the spin are given by 

/'27r t'I'K 

E = - daPQ = -T^/^-i'^'^eR^ dacosh^p, (4.3) 

JO JO 

S = r daP2 = -Tv^7°°eo;p2 f " da sinh^ p. (4.4) 

JO JO 



In diagonal worldsheet gauge, 7°^ = 0, the first integrals ()2.2()j) are identically zero: 
Vf^ = 0, p = 0, 2. In this gauge, the constraint ()2.14|) and the compatibility condition 
fl2.21|) are also identically satisfied. Thus, it remains to solve the equations of motion 
fl2.24|) and the constraint ()2.22j) . The background ()4.2|) depends on only one coordinate 

= p. We know from our considerations in Appendix A that in this case, the effective 
constraint ()2.22j) is first integral of the equation ()2.24|1 . It reads 

^00 

p'2 = -^e^ (cosh^ p - sinh^ pj . (4.5) 



It follows from here that 



da = , ^^^^ (4.6) 
(cosh^ p — uj"^ sinh^ p 
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By integrating this equality, one obtains the string solution cr{p), given in the general case 
by ^EM- 

In conformal gauge, ()4.3|) . ()4.4|) . ()4.5|) and ()4.6p reduce to the corresponding formulas 
derived in 1 . In the tensionless limit, after using the A-parameterization (|2.26p of 7™-", 
(lOll and (USD take the form 



Et=o 
St=o ■ 



T=0 



/ dcr cosh^ p, 
Jo 

/•27r 

/ da sinh^ p, 

JO 

eJ (^00'^ sinh^ p — cosh^ p 



2A0 



In the string theory background is AdSs x x Ai, with NS-NS 2-form gauge 
field. In accordance with the AdS/CFT duality, the string theory on AdSs x x Ai 
is dual to a super conformal field theory on a cylinder, which is the boundary of AdS^ in 
global coordinates. In such coordinates, the NS-NS AdS^ background can be written as 



_ d2 



[l + r^)dr + 



dr"^ 



1 + r' 



(4.7) 



As our second example, we will consider the first of the two classical string configura- 
tions discussed in jT2] 



t = CiT + t{a), r = r{a) 



C2T + 4){(t). (4.8) 
0. Therefore, p = (0,2), 



The above background does not depend on = t and 
a = 1, and comparing (j4.8j) with (jl.4p . one obtains 

A° = ci, = C2, A^' = 0, 

Z'ia) = t», Z\a) = r(a), Z^a) = 0(a). 

The action (j2.H) for this string embedding, in worldsheet gauge 7™*^ = constants, is 



7 J drda [-(1 + r^) [^^^d + 2^'^^c^t' + 7"^^ 



(4.9) 



W'^, + {rcl + 27°^C20' + 7^0'^) 



-7 



(ci0' - c^i' 



The explicit expressions for the conserved momenta can be obtained from ()3.5|) . 
By using them, one is able to compute the string energy and spin: 



E = - jj daPo = -T^R^ jj da (7°°Ci + 7°^') (1 + r 
S = fj daP2 = -T^R' j^^ da (^7°°C2 + 7° V + ^) 



(4.10) 
(4.11) 
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As we know from Sec. 3, the quantities V^, given in ()3.6p . are first integrals for this 
part of the equations of motion ()3.4|) . which correspond to L = fi. For the case under 
consideration, ()3.6|) leads to the following expressions for P^: 



C2r" 



-7 



constant. 



Cl 



constant. 



-7, 



The above equalities are first order ordinary differential equations for t{a) and 0(cr), which 
rewritten in normal form read 



i' 



C2r^ — ki 7°^ 



Cir^ — ^2 7°^ 



(4.12) 



where 



A;2 



V2 



The equations ()4.12|1 can be solved, if the function r = r((T) is already known. Before 
explaining how to find it, let us consider the compatibility condition ()2.2H1 . which is the 
same for both ansatzes - ()1.3|) and ()1.4|) . In our case, it gives 



Cifci = 02^2 



(4.13) 



from where one can eliminate one of the free parameters in the theory. From now on, we 
will use that C2 = Cifci//c2- 

Now, we are going to solve the equations of motion ()3.8|) and the constraint ()3.9|) . 
The background fields in ()4.7|) depend on only one coordinate = r. Therefore, as we 
already know, the effective constraint (|3.9|) is first integral of the equation of motion (|3.8|) 
for this coordinate. Thus, we have to only solve the constraint (|3.9p . which in the case 
under consideration reads 



J2 



'1,2 \ 
'^2 _ ^2 



„2 '^2 



(4.14) 



7 (7")^ klr"^ \ a 
where 

a = ki — ki, (3 = ci(ci + 2A;2). 
To find solution of this equation, we apply our general formula ()3.10|) and obtain (ctq = 0): 



-11 



11 



^2 



2V^ 



arcsm 



2a/3^2 



^2 

/3 



(r2- 
-{a + (3) 



a — (3 
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By inverting this solution, one receives 

{a + j3) — {a — P) sin 



f w) = — - 



(4.15) 



Now, we can write down the solutions = X^(r, r) for the remaining string coordi- 
nates, by using ()3.11|) : 



-7^2 



dr 



^2 



f \ ki ci ( 1 



7 h, 



T \ I — ^ — T I r — — ^ 



,2 _ M 



Let us also give the connection between the conserved momenta and the constants 
of the motion following from (j3.13j) : 



7 



11 



1 



-7 



7 



11 



7°'^2 - 



V2 + ciTR^] 



'-1 



r2 + 1 



By integrating these equalities, one obtains the following expressions for the string energy 
(ICTlll and spin ^^H^ 



-7 



1 + Ci 



S 



2tx 



7 



11 



7°^^2 



-7 



1 + Ci- 



P2 / 



1 /-s^ da 



27r JO r^fo") 



(4.16) 
(4.17) 



In the particular case of conformal gauge, (j4.9|) - (j4.17p reproduce the corresponding 
results derived in ^J. To write down the solutions for as functions of r and a (instead 
of r and r), as given in jT^j, it is enough for one to replace (j4.15p into (I3.12p . 

In the tensionless limit T — 0, after using the A-parameterization ()2.26|) of 7™", one 
obtains the following exact string solutions 



(A^i?)' 



(J{r)T=o 



4A0 



dr"^ 



(p2_p2)^2_p2 2X%Vl~Vl 



... (2A°)^(Pg-P|) 
r (ajT=o = — — o- 



2 ' 
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X°(r,r)T=o = t(r,r)T=o = Ci 



r + 



T=0 



-Cl 



V2 



+ 



2 J r\/{P^-Pi)r^-Vr 



X°(r,a)T=o 



t{T,a)T=o = Cl (r + cr/A^ 



2A°Po 
(Ai/?)' 



(icT 



r2 a + 1' 



[T, a)T=o 



Ci:;;- h" + '^/A H , / 



da 
r'^(a) 



4.2 Obtaining new solutions 

Let us give an example, which is not discussed in the hterature yet. To compare with what 
is known, let us recall that in j3], the string dynamics is considered in the background of 
AdS^ black hole, with field theory dual finite temperature A/" = 4 SYM. The background 
metric is taken to be 

^ -2 M\ dr^ 



^^AdSsBH 



(4.18) 



rfr + sin^ 



2 I 2 
1 + cos 



The classical string configuration, investigated in ^ in this gravitational field, is given by 
the ansatz 



r, 



ria 



e = -, 
2' 



>i = ^^r, 



The background felt by the string for this embedding is 



ds' 



1 + 



M 



i?2 



dt"^ + 



dr"^ 



r2 _ M 

W 7^ 



0. 



+ r'^d(\)\, 



(4.19) 



and it depends on = r only. Therefore, /i = (0, 2), a = 1 in our notation. ()4.19j) is 
particular case of p.3p . corresponding to 

A° = l, Ag = ^, A^ = 0, Z\a) = T{a). 



Now, we are going to find new exact string solution, based on the ansatz ()1.4p . which 
corresponds to more general string embedding than ()1.3|) . Moreover, none of the coor- 
dinates in ()4.18|) will be kept fixed. As far as the string background ()4.18p depends on 

= r and = Q, = (0, 3, 4), a = (1, 2) in our notation. In this case, the ansatz ()1.4p 
reduces to (we take Aj* = 0): 



X\T,a 
X\r,a 
X\r,a 
X\T,a 
X\r,a 



t{r,a) = klT + Z%a), 
Z\a) = r{a), 
Z\a) = eia), 
Mr,(T)=AlT + Z\a), 
Mr,a)=AtT + Z\a). 



(4.20) 
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The explicit expressions for the conserved momenta can be found from ()3.5p . By 
using them, one receives: 



5i = daPsia) = dar^ sin^ 9 [y^^Al + -f^Z 

= J^^ daP^ia) = -T^ dar^ cos^ 6 (70°A^ + 7°^^'^) . 



(4.21) 



The first integrals for this part of the equations of motion (|3.4j) . which correspond 
to L = /i, are given by (j3.6p . Now, they simplify to: 



constants. 



The connection between the conserved momenta P^ and the constants of the motion 
following from (j3.13p . allows one to exclude Z'^ from (j4.2H) and to rewrite i?, 5*1 and S2 
as follows 



E = -271 ^Vo + 



1' 
01 



da\l + 



a/— 7 Jo 



dar'^ sin^ 9, 



^01 



y— 7 "'0 
TA^ /•2^ 



-7 JO 



dar cos ^. 



It is easy to check, that the above three quantities are constrained by the equality: 



01 



Vn 



27rTA° 



M r^^ da 



+ 



Ag / 5*2 



+ 



A4 



27r Jo r2((T) 



Let us now consider the compatibility condition ()2.21|) . In the case at hand, it gives 



A^ = - 



^ (A°Po + A^P, 



(4.22) 



From now on, we will use this expression for Aq, thus ensuring that the constraint ()3.3p 
is identically satisfied. 

Our next goal is to solve the equations of motion ()3.8|1 and the constraint ()3.9|1 . As 
explained in Sec. 3, these equations have the same form as ()2.24j) and ()2.22j) . Thus, for 
obtaining exact string solutions in the framework of the ansatz ()1.4|) . we can use the 
formulas derived in Appendix A, after the replacements {g,V,U,A) {h,V^,U^,A!^). 
Since the background metric ()4.18|) is diagonal one and huN = 0, 



hab — gab, 



be 



a,bci 



= 0. 
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So, we only need to replace U — > and A = in ()A.5|) and ()A.6|) . As far as 

the diagonal background in ()4.18p depends on two coordinates, we can use the general 
expressions (IA.11|) and ()A.13|) for the first integrals of the equations ()A.8|) . ()A.9|) . which 
also solve the constraint ()A.6|) , if the derived sufficient conditions ()A.7|) , ()A.10|) and ()A.12|) 
are satisfied. Let us check this. The condition ()A.7|) does not appear, because in our case 
the effective gauge potential A^ is identically zero. The first of the conditions ()A.10|) is 
satisfied, because it takes the form 



d_ 



922[r) 
9n{r) 



0. 



Consequently, it remains to satisfy the second of the conditions ()A.10|) and the condition 
f)A.12|) . In the case at hand, they require, the right hand sides of ()A.11|) and ()A.13|) to 
depend only on = ^ and = r respectively. To see if this is true, let us write down 
the first integrals ()A.13j) and (jA.lljl explicitly 



{giirf 
+ 



D2{r) = F^{r)>Q, 



J^2 

Air) ■■ 



9u{r) 
922{r) 
D2{r)+g22{r)U''{r,b 

2 d2^4 



(4.23) 



A3fsm-.+ (^°^° + y-^os-.' 



(^4 



A(r) 



sin^ 6 cos^ 



> 0, 



+ R^{r^ - M). 



It is evident that the r.h.s. of the equation for r' is a function only on r, while the r.h.s. 
of the equation for 6' is not a function only on 6. However, we have enough freedom to 
satisfy this last condition. To this end, we choose the arbitrary parameter Aq and the 
arbitrary function D2{r) to be given by 



A^ 



D,(r) 



Vo 



V3±V^ 



A° 



Vo 
V, 



1 - 



V3±V^ 



i?2 



■A(r) - 



(KVo 



iV3±V,) 



A° 



1 V^R^r^ 



r2 A( 



< 0, (4.24) 



where c is arbitrary constant. After this choice, the first integral of the equation of motion 
for the string coordinate 6 (a) takes the form 



(^22^0 



/\2 



VI 




7(7ii)^T2 Vsin^^ cos2^^ 



F2i9) > 0. 



(4.25) 



In this way, all conditions are satisfied, and we can start solving the equations ()4.23jl and 
()4.25|1 . The general solution of ()4.23j) is given by 



r'^dr 



A{r)JF,{r) 
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If we can obtain r{a) from here, the general solution of ()4.25p will be 



d9 



F2{e) 



da 

r'^ia) 



Anyway, we can always find the orbit r = r{6) from ()4.23|) and ()4.25|) . and it is defined 
by the equality 



dr 



A(r)JFAr 



d9 



F2{e) 



(4.26) 



To find the general solution for the remaining string coordinates X^, we have to 
integrate the equations (|3.7|) . which in our case simplify to 



7^ 



-1 



(4.27) 



and then replace the received into the initial ansatz ()4.2()j) . The same result may be 
obtained directly from ()3.12|) for solutions of the type X'^(r, a). Written explicitly, they 
are: 



X°(r,(T) = t{T,a 
X'(T,a): 



7 



01 



XHT,a) 



il^>f^J 



'>2(r,a 



7 



11 



^ + 



^3 ± V^i 



T 



R^Vo f r\a)da 



01 \ 



11 



a 



Ty^— 77^^ 
„oi \ 



da 



r'^(a) sin^ 



[a 



T — 



T 

7 



11 



a 



-77 



11 



da 



r^(a) cos^ I 



[a 



It is easy to take conformal gauge or the tensionless limit T ^ in the above solutions, 
and we will not consider these cases separately here. 

As a final example, let us obtain a family of new string solutions in AdS^ x back- 
ground with two spins and up to nine independent conserved i?-charges. We take the line 
elements in AdS^ and on to be given by 



ds'^5 = 



r:' 



R^ - cosh^ pdt^ + dp^ + sinh^ p {dO"^ + sin^ 9d(j)^ + cos^ 9dip' 
d'-f'^ + cos^ idipl + sin^ 7 (^dip"^ + cos^ ipdi^l + sin^ tpdipr 



Now, consider the following string embedding of type (|1.3p (the angular coordinates 9 and 
7 are kept fixed to vr/4) 



X°(r,a) =t(r,(T) = A°r + AV, 
X\T,a) = Z\a) = p{a), 
X\T,a)=^{T,a) = Alr + Ala, 
X''{T,a) = y^{T,a) = AIt + Ala, 



X\T,a) = Z\a)=^{a), 
X^{t, a) = ifiir, a) = A^r + A^a, 
X%T,a) = ip2iT,a) = A^T + Afa, 
X\t, a) = ifsir, a) = A^r + A^cr, 



(4.28) 



/x= (0,2,3,5,6,7), 



;i,4). 
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The background metric seen by the string is 



— cosh pdt + dp + - sinh p 



+ V) 



+ - (dip"^ + cos^ tpdipl + sin^ "ipdip^ + difl 



It does not depend on x° = t, x'^ = (p, = ip, x^ = ipi, x^ = ip2, x"^ = ip^, so the 
Lagrangian density ()2.1ip does not depend on X''(r, a), p = (0, 2, 3, 5, 6, 7). Consequently, 
the corresponding generahzed momenta ()2.1(i|l are conserved 



2tt 

PfM = I daP^{a) = constants, 



Po 



-E = i?2Tv^7°"A° da cosh^ p{a) 

Jo 



P2 = Si 
P3 = S2 



R^T 



"^j'^'Al da sinh' p{a), 
Jo 

^7°'^A3 r dasinh' pia), 
Jo 



P5 = 


Jl = 


R'T 
2 ^ 




/ da cos^ ip{a), 
'0 




P6 = 


J2 = 


R'T 
2 ^ 




/ da sin' ip (a), 
'0 


(4.29) 


P7 = 


J3 = 


-nR'Ty 









In addition, there exist the constants of the motion ()2.2()|1 . which must satisfy the condition 
fl2.21|l . In our case, we may choose for instance 

Al = (AOPo + AIV2 + AlV, + AlV^ + AlV-j 

to ensure that the constraint ()2.14|) is identically fulfilled. 

The first integrals ()A.13j) . (jA.llj) . of the equations of motion for p(cr) and '?/'(cr), which 
also solve the constraint ()A.6j) . read 



{giip'r = -2D,{p) = Flip) > 0, 
(gM^'f = D^{p) + gid^{p,i)) 

tdA 

= d + ^ (C^s cos^ ij + sin^ ^ + C^^) = F^W > 
d = const, C^" = 7'""A;;A^. 
Here, the arbitrary function D^lp) has been chosen to be given by 

^ - cosh^ p + l iC' + C'^) sinh^ p 

R^L y— 7 ^ 



(4.30) 
(4.31) 



B^{p) = d 



27 



11 



< 0, 
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in order the integrability condition ()A.12|) to be satisfied ^. The general solutions of the 
differential equations ()4.30p and ()4.3H) . for the string coordinates p{a) and ^'{(j), are 



From (j4.3U|) and (j4.31|) . one can also find the orbit p = pi^ip) 

dp f dip 



Now, let us show that for the string solution obtained above, there exist other nontriv- 
ial conserved angular momenta on (i?-charges), besides P5 = Ji, Pe = J2 and Pr = Js- 
To this aim, following we introduce new embedding coordinates on S^, working in 
conformal gauge 

Wi + iW2 = R sin 7 cos ipe'^^' , W3 + iW^ = R sin 7 sin ipe'"^^ , 

6 

W5 + iWe = R cos 76^"^^ , Y.Wl = R^. 

A=l 

In terms of these coordinates, the generators of the isometry group 0(6) are {do = 
d/dr) 

r2TT 



rZTT 

Jab = T da {WaOoWb - WbOoWa) 
Jo 



and they must be conserved in time: OqJab = 0. 

For our ansatz ()4.28p . the coordinates Wa acquire the form 



R R 

Wi{t, a) = —1= cosipia) cos (AqT + A^a) , W2{t, a) = ^ cos ?/'(ct) sin (AqT + Afa 
v2 \/2 ^ 

R R 
Wsir, a) = --j= smi/j{a) cos (AqT + Afaj , ^4(1", = y| ^('^) (^0^ + ^i*^) ' 

R R 
W^ir, ^) = ^ cos (A^t + Ala) , W^ir, ^) = ^ sin (A^t + Ala) . 

By using these expressions for Wa, it is easy to check that J12, J34 and J56 coincide with 
the conserved momenta ()4.29p . taken in conformal gauge 



J12 


eg 

= Pb = 




/ da cos^ ijj (a), 





= pI^ = 




/•2tt 

/ da sin^ ijj (a), 



J56 


cq 

= P7 = 


ttR^TAI 





'^The condition (jA.Tjl does not appear, because Aa — 0. The remaining conditions HA.10|I are satisfied 
identically. 
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The conservation conditions do Jab = 0, applied to the remaining angular momenta Jab, 
constrain the parameters Aq, Aq and Aq as follows 



A^ = A^ 



A^ = ±uj. 



Taking this into account, one obtains the following expressions for the other generators 
Jab 



J 



13 



^14 



J 



15 



J 



16 



J 



35 



7± 
"^36 



J da sin (lut + A^cr^ cos (±iUT + A^o" 

=F sin (^icijr + A^cr^ cos (^cjr + A^cr^ sin-?/'(cr) cos'?/'(cr) 
R^T 



24 



-UJ 



tJ, 



23 



-UJ 



2n 



da 



sin (ujT + Ala) sin (±ujt + A^a 



± cos (^cur + A^o"^ cos (^icur + A^cr^ sin'?/'((T) cos'?/^((T 



J 



26 



-UJ 



2lT 



da 



sin (cijr + A-^^a) cos (cur + A^a 



sin (cur + A^'cr) cos (cur + A^o") cosilj{a 



-J 



R^T 



25 



-CU 



+ COS 



(uT + Ale 



J da sin (cur + A^cr^ sin (^cur + Aja 
(^cur + A[(T^ cosip(a) 



a cos 



±4 



-cu 



2n 



da 



sin (±cur + Afa) cos (cur + Ajcr 



=F sin (^cur + A^cr^ cos (^±cur + A^cr^ sin-?/'((T 



45 



R^T 



-UJ 



J da sin (±ut + A^cr^ sin (ujt + Aj'a^ 



± cos (^±cur + A^cr^ cos (^cur + A^a^ simp (a). 

Hence, our string solution characterizes with nine independent conserved R-charges, if Af, 
A^, A J, are all different. 



5 Concluding remarks 

The string embeddings (jl.lll - ()1.4|1 allow us to reduce the problem of solving the string 
equations of motion and constraints to a particle-like one. To achieve this, one have to 
get rid of the dependence on the spatial worldsheet coordinate a, or on the temporal 
worldsheet coordinate r. To this aim, since the string action contains the first derivatives 
dm.X'^ , the string coordinates X^\t, a) must depend on cr or r at most linearly. Besides, 
the background fields entering the action depend implicitly on r and a through their 
dependence on X^^ . If we accept that the external fields depend only on part of the 
coordinates, say X", the resulting reduced Lagrangian density will depend only on = r 
for the ansatzes and ()1.2|) . or on = cr for the ansatzes ()1.3|) and ()1.4p . 
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Of course, one can use different approach to simplify the problem of solving the non- 
linear string equations of motion in variable external fields |16| . The two ansatzes 
used in ^B], which do not belong to the types - ()1.4|) . are the following 

t = t(r), r = fiT)gia), l = F{r)G{a), = cur, 

and 

t = t{T), r = r(r), 9 = 9{a), cp = ut. 

The backgrounds do not depend on {t, 0) and on (t, ip) respectively. The three ansatzes, 
used in [27], are 

t = cqt, r = r(cr), = lot, 9 = 9{t), ip = a, 

t = t(r), r = r(r), (f) = cr, 9 = 9{(t), ip = ut, 

t = CqT, P = cr, = UJT, = UT, 9 = 9{t), ip = a. 

The corresponding background metrics seen by the string do not depend on (t, 0, -0) in 
the first two cases and on (t, 0, 0, ip) in the third one. Therefore, all the ansatzes used in 
the literature, are particular cases of the following string embedding 

X^(r, a) = A^r + A^a + r^(r)Z^(a), X\t, a) = Y\T)Z^{a). 

Let us also mention that the ansatz of the type X(r, a) = y(r)Z(cr), used in [25, is 
equivalent to ()1.3|1 with Aj* = 0, after change of the embedding coordinates ^ . 

Our task in this paper was to find as more general string solutions as we can. That 
is why, we do not consider the different periodicity and normalization conditions, which 
arise for particular string configurations. However, once the general solution is found, 
they can be always implemented. 
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Appendix A 

Here, we will explain how to find solutions of the string equations of motion ()2.24|) and 
of the effective constraint ()2.22j) . 

Let us start with the simplest case, when the background fields depend on only one 
coordinate X^i^r^a) = Z^la). In this case the Eqs. (IT^ simplify to 

gaa{Z"'f=U, (A.2) 
®See the last example in the previous section. 
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where we have used that 



lb rylc 



To (^"^^ 



lb 



-dag^cZ'^Z'-. 



After muhiplying with 2gaaZ'"' and after using the constraint ()A.2|) . the Eq. ()A.1|) reduces 
to 



da 



{9aaZ 



ia\'i 



QaaU 



0. 



(A.3) 



The solution of ()A.3|) . compatible with ()A.2|) . is just the constraint ()A.2|) . In other words, 
()A.2|) is first integral of the equation for the coordinate Z". By integrating ()A.2|) . one 
obtains the following exact string solution 




-1/2 



(A.4) 



where o"o and Xq are arbitrary constants. 

Let us turn to the more complicated case, when the background fields depend on 
more than one coordinate X'*(r, a) = Z"'{a). We would like to apply the same procedure 
for solving the system of differential equations ()2.24j) . ()2.22j) . as in the simplest case just 
considered. To be able to do this, we need to suppose that the metric Qah is a diagonal one. 
Then one can rewrite the effective equations of motion ()2.24p and the effective constraint 
in the form 



d_ 

da 



iOaaZ 



la\2 



b^a 

9aa {Z'^y 



da 



- Z'-da {gaaU) 
9aa 

.9bb, 



gbbZ") -Ad[aAb]9aaZ 



lb 



J29bb [Z 

bj^a 



lb 



u. 



(A.5) 



(A.6) 



To find solutions of the above equations without choosing particular background, we 
can fix all coordinates X" except one. Then the exact string solution is given again by 
the same expression ()A.4|1 for a{X"'). 

To find solutions depending on more than one coordinate, we must impose further 
conditions on the background fields. Let us show, how a number of sufficient conditions, 
which allow us to reduce the order of the equations of motion by one, can be obtained. 

First of all, we split the index a in such a way that Z^ is one of the coordinates Z"-, 
and are the others. Then we assume that the effective 1-form gauge field Aa can be 
represented in the form 



Aa — (-^rj -^q) (yArjdoify 



(A.7) 



i.e., it is oriented along the coordinate Z^ , and the remaining components Aa are pure 
gauges. Now, the Eqs. ()A.5|) read 



d 

da 



(A.8) 
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\grr I 



fr\'^ rylr 



dr 



{g^^Z'")' + 2g„.d^{Ar-drf)Z" 



(A.9) 



0. 



After imposing the conditions 



go 



9J ^ ) = 0, 9„ {grrZ'n' = 0, 



(A.IO) 



the Eqs. ()A.8|) reduce to 



d 



{g^aZn' - Z'^'d^ {g^^ [U + 2 ( A - drf) Z''\} = 0, 



da 

which are solved by 

{gaaZ'n' = + g^^ [U + 2 (A - drf) = [z") > 0, 

where Da, Fa are arbitrary functions of their arguments. ^ 
To integrate the Eq. ()A.9jl . we impose the condition 

dr {gaaZ'^'f = 0. 



(A.ll) 



(A. 12) 



After using the second of the conditions ()A.10|) . the condition ()A.12|) . and the aheady 
obtained solution (jA.llj) . the Eq. (jA.9|l can be recast in the form 



_d_ 
da 



.Z"'y + 2grr (A - drf) Z' 



Z"dr gr 



(1 - ria) {U + 2 {A- drf) Z'^) - J2 



a iJaa 



where is the number of the coordinates The solution of this equation, compatible 
with ()A.11|) and with the effective constraint ()A.6|) . is 



{grrZ'''f = g 



;i - na)l{ - 2na {Ar - drf) Z'^ - 



Da (Z'^^") 



go 



Fr{Z') > 0(A.13) 



where Fr is again an arbitrary function. 

Thus, we succeeded to separate the variables Z"^ and to obtain the first integrals 
dZHH), (!A.13jl for the equations of motion (jA.5jl . when the conditions (jA.Tjl . (jA.injl . 



= Fa {Z^^) follows from l|XT2|l 
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()A.12|) on the background fields are fulfilled. Further progress is possible, when working 
with particular background configurations, allowing for separation of the variables in 
(IXTT| and (IXl3|) . 

Let us finally point out that ()A.7|1 . ()A.10|) and ()A.12|) are just an example of possible 
integrability conditions, which are fulfilled in many cases, but in many others - they are 
not. 
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